Abstract. In this paper some Turán type inequalities for the general Bessel function, monotonicity and bounds for its logarithmic derivative are derived. Moreover we find the series representation and the relative extrema of the Turánian of general Bessel functions. The key tools in the proofs are the recurrence relations together with some asymptotic relations for Bessel functions.
Introduction and the Main Results
The Turán type inequalities for orthogonal polynomials and special functions have been studied extensively in the last 70 years. More often, these orthogonal polynomials and special functions are solutions of some second order differential equations. The log-concave/log-convex nature of orthogonal polynomials and special functions have attracted many researchers, and the topic seems to be interesting still nowadays. Some of the results on modified Bessel functions of the first and second kind have been used recently in different problems of applied mathematics and this motivated new researches in this topic. See for example the paper [Ba] and the references therein for more details. In this paper we focus on general Bessel functions, called sometimes as cylinder functions. The main motivation to write this paper emerges from the fact about the Bessel functions of the first kind J ν , Bessel functions of the second kind Y ν and the zeros c ν,n of general Bessel function satisfying some Turán type inequalities (see [BP, JB, La, Lo, Sz] ), and it is natural to ask whether the general Bessel functions C ν , defined by
, 0 ≤ α < π, has some similar properties. As we can see below, from the point of view of Turán type inequalities, the general Bessel function C ν behaves like J ν and Y ν . The results presented in this paper complement the picture about the Turán type inequalities for Bessel functions of the first and second kind. The case α = 0 corresponds to the case of Bessel function J ν , while α = π/2 corresponds to the case of Bessel function Y ν . See [BP, JB, La, Sz] for more details. 
Moreover, for α = 0 the above Turán type inequality holds true for all x > 0 and ν > 0. b. If ν > 1, 0 < α < π and x ν ∈ (0, c ν,1 ) is the unique root of the equation
then the Turán type inequality (1.1) holds true for all x > x ν . Moreover, the inequality (1.1) is reversed for 0 < x < x ν . c. The function x → xC If α = 0, then the inequality (1.2) is valid for all ν > 0, x ∈ (0, ∞) \ Ξ. However, if 0 < α < π, then the inequality (1.2) is valid for all ν > 1, x ∈ (x ν , ∞) \ Ξ, and for x ∈ (0, x ν ) it is reversed. The following inequality is also valid for ν > 1, 0 < α < π and x ∈ (x ν , c ν,1 )
The proof of Theorem 1 will be presented in Section 2. Now we let µ = ν ν+1 and denote by j ν,n , the nth positive zero of the Bessel function J ν . We would like to take the opportunity to mention that by using the particular case of (1.2) when α = 0, it can be shown that for ν > 0, x ∈ (0, ν(ν + 1)) such that x = j ν−1,n , n ∈ N, we have
and this inequality corrects the inequality [BP, eq. 2.20 ]
where
We also note that the monotonicity of x → xC ′ ν (x)/C ν (x) has been proved already by Spigler [Sp] (as it is mentioned in the paper of Elbert and Siafarikas [ES] ), but only for the intervals (c ν,n , c ν,n+1 ), n ∈ N. Our proof is completely different, which is based on Turán type inequalities and we prove the above monotonicity property for x ∈ (x ν , c ν,1 ) and also for x ∈ (c ν,n , c ν,n+1 ), n ∈ N.
We recall the inequality from part c of Theorem 1
where ν > 1, 0 < α < π and x ∈ (0, x ν ). We may rewrite the above inequality as
where ν > 1, 0 < α < π and x ∈ (0, x ν ). We would like to mention that for ν > 1, 0 < α < π and x ∈ (0, x ν ) the right-hand side of (1.4) is better than the earlier known inequality of Laforgia [Laf, p. 76] (1.5) xC
which is valid for ν > 0, 0 ≤ α < π and x ∈ (0, c ν,1 ). This can be verified by comparing the corresponding right-hand side parts of the last two inequalities. We also note that for ν > 1 and 0 < α < π we have x ν < ν(ν + 1), since the expression in the square root in (1.3) is positive. Again, it is worth to mention that the inequality (1.3) is better than the inequality (1.5) for all ν > 1, 0 < α < π and x ∈ (x ν , min{ ν(ν + 1), c ν,1 }) as the right-hand side of (1.3) is negative and the right-hand side of (1.5) is positive on (x ν , min{ ν(ν + 1), c ν,1 }).
The next theorem is about the series representation of the Turánian of general Bessel functions. Clearly, this result provides an alternative proof of the inequality (1.1).
Theorem 2. For 0 ≤ α < π, ν > 0 and x > c ν,1 , the following identity holds
The next result, whose proof will be also presented in Section 2, is about the relative extrema of the Turánian of general Bessel functions and is a generalization of the main result from [La] . Figure 1 illustrates this result for α = π/6 and ν = 3/2. 
We also mention that by using the above Turán type inequality in Theorem 3 for α = 0 it can be shown that for x ∈ (0, ν) such that x = j ν−1,k , k ∈ N, we get
We note that the above inequality corrects the recent known inequality [BP, eq 2.16 ]
where ν > 0, x ∈ (0, ν(ν + 1)) such that x = j ν−1,n , n ∈ N. Finally, it is worth to mention that the Turánian ∆ α (x) = C 2 ν,α (x) − C ν,α−1 (x)C ν,α+1 (x), where as above C ν,α (x) = (cos α)J ν (x) − (sin α)Y ν (x), 0 ≤ α < π, is in fact independent of α. Namely, by using some elementary trigonometric identities it can be shown that ∆ α (x) = (sin
, which is clearly strictly positive for all real ν and x. 
Proofs of the Main Results
Proof of Theorem 1. a. We first recall the recurrence relation and the derivative formula for general Bessel functions [OLBC, p. 222 ], which will be used in the sequel (2.1)
Let us define the normalized general Bessel function by Φ ν (x) = 2 ν x −ν Γ(ν + 1)C ν (x), where ν > −1 and x > 0. Since C ν (x) is the solution of Bessel differential equation
we see that Φ ν (x) satisfies the differential equation
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Now, if we consider the Turánian Θ ν (x) = Φ 2 ν (x) − Φ ν−1 (x)Φ ν+1 (x), then the Turán type inequality (1.1) is equivalent to Θ ν (x) > 0. Therefore, it is enough to prove that Θ ν (x) > 0. Taking into account (2.1) we have
and consequently, in view of (2.2),
By using the left-hand side of (2.5) for ν − 1 instead of ν and the right-hand side of (2.5) for ν + 1 instead of ν, we obtain that
. From the above expression, at the roots of Φ ν (x) = 0 we have
and at the roots of Φ ′ ν (x) = 0, by using (2.3) we obtain d
These two inequalities show that the relative extrema of x → x 2ν+2 Θ ν (x) occurs at the roots of Φ ν (x) = 0 and Φ ′ ν (x) = 0, respectively. At the roots of Φ ν (x) = 0, we have
by using (2.4) and in the view of (2.5) at the roots of Φ
On the other hand, Φ ν (x) = 0 if and only if C ν (x) = 0 and in view of (2.5) we have that
Therefore, the first relative extrema of x → x 2ν+2 Θ ν (x) occurs at x = c ν,1 , as c ν,1 < c ν+1,1 (since ν → c ν,k is increasing function of ν [Wa, p. 508] ). Since x → x 2ν+2 Θ ν (x) has all its relative extrema positive and hence x 2ν+2 Θ ν (x) > 0 for all x ≥ c ν,1 and ν > 0, which implies that Θ ν (x) > 0 and consequently the Turán type inequality (1.1) follows for all ν > 0 and x ≥ c ν,1 . Since the first relative extrema of x → x 2ν+2 Θ ν (x) occurs at x = c ν,1 , which is the point of relative maxima, we conclude that x → x 2ν+2 Θ ν (x) is strictly increasing on (0, c ν,1 ). Now, if we take α = 0, then C ν (x) = J ν (x) and using the fact that J ν (0) = 0 for ν > 0 we have lim x→0 + x 2ν+2 Θ ν (x) = 0. Hence x 2ν+2 Θ ν (x) > 0 on (0, c ν,1 ) and consequently, Θ ν (x) > 0. Therefore in this case, the Turán type inequality (1.1) holds true for all ν > 0 and x > 0.
b. Next consider 0 < α < π. Since
in view of the fact that J ν (0) = 0 for ν > 0, the asymptotic formula which is valid for ν > 0 fixed and
, and the limit (see [BP, p. 316 
where ν > 1 is fixed, we obtain that
Therefore, in view of the fact that x 2ν+2 Θ ν (x) is positive at x = c ν,1 , x 2ν+2 Θ ν (x) tends to −∞ as x → 0 + and x → x 2ν+2 Θ ν (x) is strictly increasing on (0, c ν,1 ), we obtain that there exists an unique
Hence Θ ν (x) > 0 for x ∈ (x ν , c ν,1 ). Consequently, in view of part a of this theorem, the Turán type inequality (1.1) is indeed true for all ν > 1 and x > x ν . We also note that Θ ν (x) < 0 for x ∈ (0, x ν ) and hence in this case the inequality (1.1) is reversed. c. In view of the recurrence relations [OLBC, p. 222] (2.6)
the Turán expression ∆ ν (x) can be written as
Now, by using this and the Bessel differential equation we get
Thus, in view of part a and b of Theorem 1, the monotonicity of x → xC ′ ν (x)/C ν (x) follows. We note that the inequality (1.2) follows from (1.1) by using the above recurrence relations in (2.6).
Since
is strictly decreasing on (x ν , c ν,1 ) for all ν > 1, we see that
.
Using the relation (2.7) we obtain that
which in view of the fact that (see [Laf, p. 78] )
Taking the limit x → x ν in the above equation and using (2.8), we get the inequality (1.3).
Proof of Theorem 2. Let us recall one of the main results of Landau [Lan] : the magnitude of the general Bessel function of order ν is decreasing in ν at all of its stationary points. This means that if ν > 0 and x > c ν,1 , then we have that |C ν (x)| < |C 0 (x)| < |τ |, where τ = C 0 (x 1 ) and x 1 is the abscissa of the first minimum point of C 0 (x). Hence in view of the recurrence relation (2.1), all conditions [Ro, Theorem 3] are satisfied and consequently we obtain the identity (1.6).
Proof of Theorem 3. Using the recurrence relations in (2.6), we have (2.9) ∆ ′ ν (x) = 2 x C ν−1 (x)C ν+1 (x).
Hence the relative extrema of x → ∆ ν (x) occurs at the zeros of C ν−1 (x) and C ν+1 (x). From (2.9), by using the second recurrence relation in (2.6) for ν − 1 instead of ν, and (2.1), we get
Similarly, by using the first recurrence relation in (2.6) for ν + 1 instead of ν, and (2.1), we get
The desired conclusion follows.
